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Abstract 

A class of transformations of -Rg-matrices is introduced such that the q — > 1 limit 
gives explicit nonstandard -R^-matrices. The transformation matrix is singular itself 
at q — > 1 limit. For the transformed matrix, the singularities, however, cancel yield- 
ing a well-defined construction. Our method can be implemented systematically for 
i?-matrices of all dimensions and not only for si (2) but also for algebras of higher di- 
mensions. Explicit constructions are presented starting with U q {sl{2)) and U q (sl(3)), 
while choosing R q for (fund, rep.)® (arbitrary irrep.). The treatment for the general 
case and various perspectives are indicated. Our method yields nonstandard defor- 
mations along with a nonlinear map of the /i-Borel subalgebra on the corresponding 
classical Borel subalgebra. For Uh{sl{2)) this map is extended to the whole algebra 
and compared with another one proposed by us previously. 
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The .R-matrices for the fundamental representations of the nonstandard h- deformations 
of si (2) and so(4)(~ sl(2) <g> sl(2)) were obtained [1,2] through a specific contraction of the 
corresponding g-deformed i?-matrices. A similarity transformation of the 4x4 .R^-matrix 
for the fundamental representation of U q (sl(2)) was performed using a transforming matrix 
singular itself at the q — > 1 limit, but in such way that all singularities cancel out for 
the transformed i?-matrix giving the finite nonstandard ^-matrix. Following the previous 
practice [1,2], we refer to this combined process of similarity transformation and subsequent 
cancellation of singularities at the q — * 1 limit as contraction procedure. This technique was 
generalized to higher dimensional algebras [3] considering again the N 2 x N 2 dimensional 
/^-matrices for the fundamental representations of g-deformed sl(N), for example. Other 
relevant references can be found in [1-3]. 

We present here an operatorial generalization of this approach directly applicable to 
i?-matrices of arbitrary dimensions. For brevity and simplicity we start with (| <g> j) repre- 
sentation i.e. 2(2j + 1) x 2(2j + 1) dimensional i? 9 -matrix for U q (sl(2)). Then we will indicate 
possible generalizations in different directions, using U q (sl(3)) as a particular example. The 
universal 7£-matrix for Uh{sl{2)) has been given a particularly convenient form [4,5]. For 
{\ ® j) representation this reduces to 



Rh 



(1) 



/ e hx _ hH + ^ e hx _ e -hXj X 

v e~ hX J 

Here (H,X) are the generators of the Borel subalgebra of U h (sl(2)) satisfying 

2*5^* (2) 

Absent from the upper triangular form (1) and indeed form the universal 7^-matrix is the 
generator Y completing the Uh{sl{2)) algebra, namely satisfying 

[H, Y] = -Y (cosh hX) - (cosh hX)Y, [X, Y] = H. (3) 

We will show how (1) can be obtained, directly and for arbitrary j, from the corresponding 
.Rg-matrix for (| <g> j) representation given by ( see, for example [6]) 



Rq 



(4) 



q Jo/2 q V*(l- q -*)J_\ 

q- Ja ' 2 j 

Here the generators of U q (sl(2)) are denoted by (q ±Jo ,J±) satisfying the standard relations 

q J °J± = J ± q J » ±2 , [J + , J-] = - q ~*° = [Jo]- (5) 

q-q 



1 



Throughout we consider generic q, excluding roots of unity. 

For the purpose of transforming the R q matrix in (4), we now consider a g-deformed 
exponential operator: 

EM) = t (6) 



where 



[n] = q — ^r, [n]! = [n][n-l]..-[l], [0]! = 1. 



q-q 

We choose, for an arbitrary finite constant h, the parameter rj as 

We emphasize that though the deformed exponential E q (x) defined in (6) has no convenient 
simple expression for its inverse (comparable to the standard g-exponential [7] satisfying 
[exp q {x))~ 1 = exp q -i(—x)), this is precisely what is needed for obtaining non-singular limit- 
ing forms for the i?-matrix elements for arbitrary representations and other interesting prop- 
erties. For any given value of j, the series (6) may be terminated after setting J+ +1 = 0; 
but, we proceed quite generally as follows. Defining 

T (a) = (E q ( V J + ))- 1 E q (q a r ] J + ) (8) 

with 7(o) = 1, we obtain 

(E q (r ] J + ))- 1 q^ 1 E q (r ] J + ) = T {a) q^ . (9) 



For transforming the R q matrix in (4), the operators T(±\) are of particular importance. We 
will be concerned with simple rational values of a. For later use, we note the identity 

(E q ( V J + ))- l q L ^ lj °E q (r ] J + ) = ({E q {r 1 J + ))- 1 q^E q {r 1 J + )) ([E q {r 1 J + ))- l q^E q {r 1 J + )^ 

which in notation (8) reads 

r {a+m ^ = (T {a) qi*)(T m S*>). (10) 
Moreover, using the identity 

[t7 » = _M_ ^ q Jo/2jn-l q J /2 _ q -J /2jn-l q -J /2^ (n) 



2 



the following commutator is obtained 

[E q (r,J + ),J-] = j^(q J » /2 E q (vJ + )q J » /2 ~ q~ Jo/2 E q ( V J + )q-^ 2 ) 

= ^T^( E ^ J +^ J ° ~ E q (q- 1 vJ+)q- Jo ), (12) 

which, in turn, leads to 

(E q (rjJ + ))- 1 J_E q (rjJ + ) = -^pi (^i)^° " ^-i)^ ) + J- (13) 
Evaluating term by term, the q — > 1 limits of 7(±i) are found to be /imte and of the form 

oo 

hmr (±1) =T (±1) = j:c^(hJ + r, (14) 

ra=0 

where (Jo, J±) are the generators of the classical sl(2) algebra: 

[J ,J±] = ±J±, [J+,J_] = J . (15) 

The first few coefficients {c^ \ n — 0, 1, 2, ...} in (14) read 

4 ±} = 1, cW = ±l, c^ = i c^ = 0, cf) = -i, C W = 0. (16) 

The series (E q (x)) 1 can be constructed systematically upto any given order in 77; and, 
consequently, the operators Tt±]\ are obtained. Along these lines a program in MAPLE for 
evaluation of the coefficients is easy to make. If the limits are indeed finite, then from 
(10) it is evident that 

T {a) = (T {1) r, (17) 

where T( a ) = \im q ^iT( a y Henceforth we write 

T (1) =T. (18) 

The result (16) suggests the following derivation of the closed form of T. To this end, we 
left and right multiply the second commutation relation in (5) by (E^rj^o))' 1 and E q (r)3o) 
respectively: 

(E q (r,J + ))-\<r«> -q- Jo )E q (rjJ + ) = (q - q- 1 )(E q (r,J + ))- 1 [J+, J-]E q (rjJ + ). (19) 
Using (7), (9) and (13), we obtain 

r {2) q Jo - T^ 2) q- J " = -J?—(T {1) (J + q J <> - q J "J + ) - T^J+q-* - q' Jo J + )j 

+ (q-q- 1 )[J + ,J-} 
= h(q + 1) (T {1) J + q Jo + q- 2 T { _ 1} J + q- J ^ + (q Jo - q~ Jo ). (20) 
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Using (17), we now obtain the following equation for T at the limit q 

T 2 _ T _ 2 = ( T + T -i)( 2 /a + ), 

which after a factorization yields 

T-T- 1 = 2hJ + . 
The quadratic relation (21) in T is now solved: 

/ \ V 2 

T ±l = ±hJ + + 1 + (hJ+ 



(21) 



(22) 



This is our crucial result. 

With all these results now in hand we go back to R q in (4). We choose the transformation 
matrix as G = gi/ 2 <8>g, where g = E q {rjJ + ) and g±/ 2 = g\j=i- The similarity transformation 
now yields 



G 1 RqG 



/ g-iqJofrg V g- 1 (q J °/ 2 - q~ Jo/2 )g + q~ l/2 {q - q~ l )g~ 1 J-g\ 



\ 



(23) 



/ 



Implementing the relevant results from (9) to (23), we now obtain 

(T -^T + T- 1 )J + ^(T-T- 1 )\ 



R h = Um(G _1 i2,G) 



\0 T- 1 
j e hx _ h H + k(e h * - e- hj{ )\ 



J 



V o 



(24) 
(25) 



/ 



where we have defined 



+ hX rp±l 



T ±x = ±hJ+ + (1 + {hJ + f) 1/2 



1 



H = -(T + T~ l ) J = (1 + {hJ + ) 2 f/ 2 J . 



It is easily to verify that 

[7J, T ±l ] =T ±2 -1 



[H,X] = -wah(hX). 

I i 



(26) 
(27) 



(28) 



Comparing (1), (2) with (25), (28) respectively we see that the contraction sheme, which 
comprised of our transformation and limiting procedure has furnished the .R^-matrix along 
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with a nonlinear map of the Borel subalgebra ofUh{sl{2)) generated by (H, X) on the classical 
one generated by (J , J+). Indeed, denning 

Y = J_-^J + (J 2 -1) (29) 

we complete the £4(s/(2)) algebra and show that 

[H, Y] = —(Y cosh(/iX) + cosh(hX)Y), [X, Y] = H. (30) 

The triplet (H,X,Y) may be looked as a particular realization of the Uh{sl{2)) generators 
(H, X, Y). We have, therefore developed an invertible nonlinear map of (H, X, Y) on classical 
generators (J , J+, J_). The full coalgebra structure of U h (sl(2)) can also be implemented. 

We have presented before [8,9] an alternative realization of the Uh{sl(2)) generators in 
terms of the classical generators: 

e k * = 'j^T + => ^=arctanh(^t), (31) 

whereas the remaining maps read 

Y = (l- {hJ + /2ff/ 2 J_{\ - {hJ + /2ffl\ H = J . (32) 

Both the sets (H, X, Y) and (H, X, Y) satisfy the same Uh{sl{2)) algebra. Strictly speaking 
such realizations hold on finite dimensional vectors spaces of irreducible representations. 
The nilpotency of the classical J + then, via the construction of the triplets (H,X,Y) and 
(H,X,Y), provides finite dimensional irreducible representations of the Uh{sl{2)) algebra. 
Inverting the maps (26) and (31) we obtain 

J+ = \ sinh(/iX) = | tanh(— ). (33) 

In (29), we obtain that Y is nonlinear in J . This is a consequence of the nonlinearity 
involved in the definition (27) of H. 

So far, as a relatively simple, illustrative example of our method, we have been considering 
the case (| <8>j). But our method can be used to obtain the universal 7^-matrix [4,5] in the 
form 

Tl h = exp (-hX ® e^Hj exp (he hjt H ® X^j . (34) 

In obtaining this form as the q — * 1 limit of transformed universal 7£-matrix of U q {sl(2)) the 
cancellation of divergences become more subtle and complicated. We have fully analyzed it 
for the case (1 ® j). The procedure will be presented elsewhere. But (34) must evidently 
have all the required properties. 
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We can study representations of U q (sl(2)) using the map (H,X,Y) — > (Jo, J±) as it 
was done in [8,9] using (H, X, Y) — > (Jo, J±). This aspect will not be treated here. For the 
particularly simple example of (\ <g) 1) representation, we compare 



R h (H,X,Y) 



'A B 



C 



(35) 



with 



R h (H,X,Y) 



(A 



B\ 



For the representation (| <g> 1), R h (H,X,Y) was already given in [8]: 



1 2h 2h 2 
1 2h 
1 



B 



f-2h 2h 2 \ 

2h 2 
\ 2h J 



Using our new mapping, we obtain 



A = A, 



B 



( -2h 2h 2 Ah 3 ' 
2h 2 
V 2h 





(1 


-2h 


2h 2 \ 


c = 





1 


-2h 









1 / 


c = 


c. 







(36) 



(37) 



(38) 



The two i?-matrices (35) and (36) are related through a similarity transformation by a matrix 
of the form f J ^ \ ® M, where 



M 




(39) 



The major interest in our method is that it can be generalized for obtaining the nonstan- 
dard R-matrices of algebras of higher dimensions as contraction limits of the corresponding 
Rq-matrices. Here we illustrate the scope of our method, using si (3) as an example. We treat 
the case of i?-matrices corresponding to the representation (fund.)®(arb.irrep.). Possibilities 
of further generalizations are then indicated. Here we assume the U q (sl(3)) Hopf algebra to be 
well-known [6]. Let the standard Chevally generators of U q (sl(3)) be (q ±hl ,q ±h2 , e±, e 2 , fi, h), 
whereas the classical (q = 1) generators are denoted by (hi, h 2 , e\, e 2 , fi, f 2 )- Defining 



e 3 = eie 2 



q 1 e 2 e i , 



h = hh - ihf: 



2, 



(40) 
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we obtain 

q hi e 3 = e 3 q h > +1 for (i = 1,2), [e 3 , f 3 ] = [h + h 2 ], 

[e 3 ,/i] = -e 2 <T hl , [e 3 ,/ 2 ] =g" 2 ei, 

eie 3 = ge 3 ei, e 2 e 3 = g _1 e 3 e 2 . (41) 

As was noted in [3], after using the contraction process for U q {sl{2)) subalgebra and possible 
relabeling of the generators, the really new possibility for U q (sl(3)) arises from using e 3 in 
the construction of the operator performing the similarity transformation. More generally, 
similar new possibility for the U q (sl(N)) emerges by using the generators corresponding to 
the highest positive root for the same purpose. As a direct generalization of (6) we now 
consider 

Using (41), we obtain 

eiE q (r]e 3 ) = E q (qrje 3 )e 1: e 2 E q (r]e 3 ) = E q (q- l rie 3 )e 2 , 

[E q (ve 3 ), fi] = -r)E q ((f x r}e 3 )e 2 q~ h ' [E q (r)e 3 ) , f 2 ] = r ] E q (qr ] e 3 )q h2 e 1 

[E q (ve 3 ),f 3 ] = -Jl^(E g (qrie 3 )q h i +h * - E q (q- 1 r ] e 3 )q- h ^ h ^ (43) 

Analogous to the example of U q (sl(2)) algebra, we here define 

T (Q) = (i^es))- 1 ^^), (44) 
T (q) = limT (Q) . (45) 

q— >1 

To obtain the finite limit of the operators l( a \ we may proceed by exploiting the U q (sl(2)) 
subalgebra generated by (e 3 , f 3 , ^C^+M). Equivalently, we note that the in the formal series 
development of E q (x), as well as in the subsequent limiting process no specific properties of 
J + (or e 3 ) need to be introduced. Parallel to (22) we here obtain 

T (±1) = ±he 3 + (he 3 ) 2 j , T (Q) = T a . (46) 

For U q (sl(3)) algebra the R q matrix in the representation (fund.)® (arbitrary irrep.) reads 
[6]: 



Rq 



/ q \(2h 1+ h 2 ) q l( 2hl+ h 2 ) Ai2 q ±(2h 1+ h 2 ) Ai3 

q -kfri-t») q-¥ h ^)A 23 | , (47) 

v q -\{hi+2h2) 
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where 



A12 = q- 1/2 (q - q-^q-^A, A 23 = q' l '\q - <T V^A, 

A 1 3 = q- 1/2 (q-q~ 1 )hq-^ +h2) . (48) 



We introduce the operator 

G = E q (rje 3 ) {fund .) <g> E q (rje 3 ) {arb _) 
and perform similarity transformation on the R q matrix (47) 

/ g -l q ±(2h 1+ h 2 ) g g -l q ±(2h 1+ h 2 ) Ai2g ^ g -l^(2h!+h 2 ) _ q -±(h 1 +2h 2 )j g \ 

+g- 1 g^ (2ftl+/l2) Ai 3 g 



(49) 



G 1 i?r,G 



V 



o 



g -i ? -i(/ii-/i 2 )g 







-l ? -i(hi+2h 2 ) g 



(50) 



/ 



where we use the notation g = E q (r]es). In close analogy with earlier example, the transform 
turns out to be finite at the q — > 1 limit: 



limG -i iLG = R h 



5-1 



T 2hT~ 1 / 2 e 2 -\{T + T~ l ){h 1 + h 2 ) + \{T -T- 1 ) 
/ " -2hT 1 / 2 e 1 

T~ l 



(51) 



We have, briefly, directly stated the final result. But the derivation is fairly analogous to 
si (2) case. In fact this illustrates how directly our formalism can be implemented for higher 
dimensional cases. 

We note that the corner elements of (51) have exactly the same structure as (24). The 
new features arises with the presence of terms 2/iT~ 1//2 e2, —2hT x l 2 e\ involving the simple 
root generators. In general, we may proceed as follows. The matrix structure in (51) provides 
a realization of the Lax operator corresponding to the /i-Borel subalgebra Uh(B + ) generated 
by the Cartan elements and the positive root generators. In fact following the analogy for the 
Uh(sl(2)) case, as evidenced by comparing (1) with (25), the matrix operator (51) provides a 
map of the /i-Borel subalgebra Uh{B + ) on its classical counterpart. The full Hopf structure 
of the /i-Borel subalgebra may then be obtained by the standard FRT procedure [10]. In 
the instance of nonstandard /i-deformed si (2) algebra, the universal ^-matrix for this Borel 
subalgebra is the universal i4-matrix for the full U h (sl(2)) Hopf algebra. Assuming that 
this property still holds for all /i-deformed sl(N) algebra, then our construction may provide 
a route to obtain the so far uninvestigated Uh(sl(N)) algebras for N > 2. In this instance, 
it is worth pointing out the close kinship of the /i-deformed algebras with /t-Poincare and 
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deformed conformal algebras [11], where the deformation parameter has dimensions of mass 
and, consequently, an induced fundamental length scale enters at the geometrical level. 

To elucidate a further possible application of our present technique of extraction of h- 
deformed objects from the corresponding g-deformed objects via contraction procedure, we 
return to the earlier example of deformed sl(2) algebra. Exploiting the bialgebraic duality 
relationship between the pair of Hopf algebras J r un q (GL(2)) and U q (gl(2)), the dual form, 
which provides a generalization of the familiar exponential relationship between classical Lie 
groups and algebras, was constructed in [12]. This may be used to provide [13] arbitrary 
finite dimensional irreducible representations of GL q {2) leading to the g-analogues of the 
classical Wigner (^-functions or spherical functions. The present method of using similarity 
transformation, singular itself at q — > 1 limit, but in such a way that the singularities get 
cancelled to provide finite results for the transformed objects, may then be used to obtain 
arbitrary finite dimensional representations of the /i-deformed group elements GL h {2) and, 
consequently, /i-deformed analogues of Wigner functions. We will return to this topic 
later. 

At the end we wish to mention a fact as a curiosity. There exist canonical transformations 
of the classical Heisenberg algebra closely mimicking our construction of the nonlinear maps 
of Uh(sl(2)) generators on the generators of the classical si (2) algebra. Starting with classical 
Heisenberg commutation relation [a_,a + ] = 1, we define an one-parameter (h) family of 
transformations 



which satisfy Heisenberg commutation relation [a_,a + ] = 1. This closely resembles the 
nonlinear realization of the generators of U h (sl(2)) discussed in (26), (27) and (28). There 
exists also an anlogous family of canonical transformations closely paralleling the other 
nonlinear realization of £4(sZ(2)) generators discussed in (31) and (32): 



which again satisfies the commutation relation [a_, a + ] = 1. It is perhaps worth investigating 
the possible connection between the theory of canonical transformations of the Heisenberg 
algebra and the nonlinear map discussed above. 
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(52) 



a + = T 





(53) 



9 



References 

[1] A. Aghamohammadi, M. Khorrami and A. Shariati, J. Phys. A: Math. Gen. 28 (1995) 
L225 

[2] A. Shariati, A. Aghamohammedi and M. Khorrami, Mod. Phys. Lett. A 11 (1996) 187 

[3] M. Alishahiha, J. Phys. A: Math. Gen. 28 (1995) 6187 

[4] A. Ballesteros and F.J. Herranz, J. Phys. A: Math. Gen. 29 (1996) L311 

[5] A. Ballesteros , F.J. Herranz , M. A. del Olmo and M. Santander, J. Phys. A: Math. 
Gen. 28 (1995) 941 

[6] S. Majid, Foundations of quantum group theory (1995) Cambridge University Press 

[7] V. Ja. Vilenkin and A.U. Klimyk, Representations of Lie Groups and Special Functions, 
Vol. 3, pp. 13 (1992) Kluwer Academic Publishers 

[8] B. Abdesselam, A. Chakrabarti and R. Chakrabarti, Mod. Phys. Lett. All (1996) 2883 

[9] B. Abdesselam, A. Chakrabarti and R. Chakrabarti, Int. J. Mod. Phys. A12, (1997) 
2301 

[10] N.Yu. Reshetikhin, L.A. Takhtajan and L.D. Faddeev, Leningrad Math. J. 1 (1990) 193 

[11] J. Lukierski, P. Minnaert and M. Mozrzymas, Phys. Lett. B371 (1996) 215 

[12] C. Fronsdal and A. Galindo, Lett. Math. Phys. 27 (1993) 59 

[13] R. Jagannathan and J. Van der Jeugt, J. Phys. A: Math. Gen. 28 (1995) 2819 



10 



